IO6                        SPACE   AND   GEOMETRY
ric space with the definition1 derived from the volum-inal constancy of bodies for the element of distances ds2 = dx2 + dy2 + dz2, and as is likewise the case for sensations of tone with the logarithmic expression mentioned above. In the majority of cases where such an artificial construction is involved, fixed points of this sort are wanting, and the entire consideration is therefore an ideal one. The analogy with space loses thereby in completeness, fruit-fulness, and stimulating power.
MEASURE OF CURVATURE, AND CURVATURE OF SPACE.
In still another direction Riemann elaborated ideas of Gauss; beginning with the latter's investigations concerning curved surfaces. Gauss's measure of the curvature2 of a surface at any* point is
given by the expression k=- — where ds is an element of the surface and dv is the superficial element of the unit-sphere, the limiting radii of which are .parallel to the limiting normals of the element ds. This measure of curvature may also be expressed in
the form k = —L_     where Pvp* are the principal Pip* '                                   * •    i
radii of curvature of the surface at the point in question. Of special interest are the surfaces whose measure of curvature for all points has the same
1 Comp. supra, p. 73 et passim.
2 Disguisitiones generates circa super-fides curvas, 1827.in pairs, the system corresponds to a three-fold manifold.g to be represented. But the parallelism may extend farther, or be extended farther, than was originally intended on the adoption of the symbol. Since the thing represented and the device representing are after all differentf what would be concealed in the one is apparent in the other. It is scarcely possible to light directly on an operation like Q%. But operating with such symbols leads us to
